Abstract. Martensitic crystals which can undergo a cubic to tetragonal phase transformation have a non-convex energy density with three symmetry-related, rotationally invariant energy wells. We give estimates for the numerical approximation of a rst-order laminate for such martensitic crystals. We give bounds for the L 2 convergence of directional derivatives in the twin" plane, for the L 2 convergence of the deformation, for the weak convergence of the deformation gradient, for the convergence of the microstructure, and for the convergence of nonlinear integrals of the deformation gradient.
1. Introduction. Martensitic crystals have a high temperature, symmetric solid phase known as austenite, and a lower temperature, less symmetric solid phase known as martensite. The austenitic phase exists in one variant, but the martensitic phase can exist in several symmetry-related variants. For some boundary conditions, the elastic energy of a martensitic crystal can be lowered as much as possible only by the ne scale mixing of the martensitic variants to form a microstructure. A simple and common example of such a microstructure is a rst-order laminate in which the deformation gradient oscillates in parallel layers between two stress-free homogeneous states.
Based on the assumption that the crystal structure is determined by the principle of energy minimization, the recently developed geometrically nonlinear theory of thermoelasticity describes the martensitic microstructure as the limit of energyminimizing sequences of deformations, see 2, 3, 13, 16, 19, 20 and the references therein. In this theory, the elastic energy density for the crystal below the transformation temperature is non-convex and is minimized on a set of deformation gradients where R 33 is the set of all 3 3 real matrices, and the U i 2 R 33 represent the symmetry-related martensitic variants. Martensitic crystals that can undergo a cubic to tetragonal phase transformation have three martensitic energy wells, so M = 3 2, 3 , 2 0 .
We present in this paper a numerical analysis of the approximation of an energyminimizing rst-order laminate for the cubic to tetragonal transformation. Ball and James have shown for boundary conditions that are consistent with such a rst-order laminate that no energy-minimizing microstructure other than the rst-order laminate can exist 3 . We establish in this paper an approximation theory for the cubic to tetragonal transformation with bounds for the L 2 convergence of directional derivatives in the twin plane," for the L 2 convergence of the deformation, for the weak convergence of the deformation gradient, for the convergence of the microstructure, and for the convergence of nonlinear integrals of the deformation gradient. These bounds are then used to give error estimates for conforming nite element approximations. Three-dimensional numerical computations for the cubic to tetragonal phase transformation have been reported in 11, 1 7 , 1 8 and the numerical analysis presented in this paper gives a rigorous validation for some of the reported numerical experiments.
A theory of numerical analysis for the microstructure in non-convex variational problems was developed in 10, 1 2 , and has been extended in 4, 6, 7 , 8 , 1 5 , 2 2 , 2 3 . Analyses of the approximation of relaxed variational problems have been given in 5, 14, 2 4 , 2 5 , 2 6 , 2 8 , 2 9 . Our work relies most directly on the analysis given in 21 for the numerical approximation of microstructure for a rotationally invariant, double well energy density. We note that the analysis given in 21 c o vers the orthorhombic to monoclinic transformation which can be modeled by a double well energy density 3, 20 . We refer to the recent paper 20 for a more extensive survey on the numerical computation and analysis of martensitic microstructure.
In x2 w e rst describe the underlying continuum model for the cubic to tetragonal martensitic transformation. We prove i n x3 the convergence in L 2 for the directional derivatives in the twin plane" of energy-minimizing sequences of deformations, and we prove i n x4 the convergence in L 2 of the deformation and the weak convergence of the deformation gradient. In x5 we prove the convergence of the microstructure for energy-minimizing sequences of deformations. More precisely, we give bounds for the volume fractions of the oscillating deformation gradients, and we prove the convergence of nonlinear integrals of the deformation gradient. Finally, in x6 we present error estimates for conforming nite element approximations.
2. The Continuum Model. We denote by the reference con guration of the crystal, which is taken to be the homogeneous austenitic state at the transformation temperature. We assume that R 3 is a bounded domain with a Lipschitz The projection F exists for any F 2 R 33 ; since U is compact, although the projection may not be unique. It is unique, however, if kF , Fk is small enough 20 .
Two matrices F 0 ; F 1 2 R 33 are rank-one connected 3, 20 if there exist a 2 R 3 and n 2 R 3 ; jnj = 1 ; such that F 1 = F 0 + a n: We also have rw x = F 0 + x n a n for almost all x 2 ; so rw x = F 0 if j x n j + 1 , for some j 2 Z; F 1 if j + 1 , x n j + 1 for some j 2 Z:
2.10
Hence, it follows from 2.5 and 2.10 that Z rw x dx = 0 since F 0 ; F 1 2 U : We see by 2.9 that the deformations w x converge uniformly to F x as ! 0, but by 2.10 the deformation gradients oscillate between F 0 in layers of thickness 1 , and F 1 in layers of thickness :
We consider in this paper the approximation of the energy-minimizing microstructure subject to the boundary conditions yx = F x = 1 , F 0 + F 1 x; 8x 2 @ for 0 1 and F 0 ; F 1 2 U : Thus, we will consider the minimization of the energy 2.1 with respect to the set of admissible deformations given by We note that n and ,n give the same rank-one connections for F 0 and F 1 in 2.11 since F 1 = F 0 + a n = F 0 + ,a ,n:
The planes with normal vectors n given by 2.12 are known as the twin planes"
in the crystallographical literature. Proof. The inequality follows directly from the quadratic growth rate of the energy density away from the energy wells 2.6.
The next lemma gives an estimate for the convergence of the directional derivatives in the twin plane for energy-minimizing sequences of deformations. In the following, C will denote a generic positive constant which is independent of y 2 since U = U 1 U 2 U 3 and U i = S O 3U i :
Since f e 1 ; e 2 ; e 3 g is an orthonormal basis for R 3 ; we h a ve that w 1 n = w 2 n = 0 : Thus, it follows that we h a ve for j 2 f 1; 2 g by the rank-one connection 3.2 that F 1 w j = F 0 w j = F w j ; 3.7 so jF 1 w j j = jF 0 w j j = jF w j j:
Since F 2 U for all F 2 R 33 and F 0 ; F 1 2 U we can obtain from 3.6 and 3.8 that for j 2 f 1; 2 g we h a ve jFw j j = jF w j j; 8F 2 R 33 :
We h a ve that Finally, since fw 1 ; w 2 g is a basis for the two-dimensional subspace de ned by wn = 0 ; we h a ve that 3.1 holds for any w 2 R 3 such that w n = 0 :
The following theorem giving bounds on the directional derivatives orthogonal to n is a consequence of the above t wo lemmas and the triangle inequality and will play a k ey role in establishing all of the other bounds. Our assertion follows from Theorem 3.3 with w 2 R 3 so chosen that w n = 0 :
Our next theorem gives an estimate for the weak convergence of the gradients of energy-minimizing sequences of deformations. The proof follows from Lemma 3.1 and Theorem 4.1. The following theorem states that for any Lipschitz domain ! and for any energyminimizing sequence fy k g in W 1;1 F ; R 3 the volume fraction that ry k is near F 0 converges to 1 , and the volume fraction that ry k is near F 1 converges to . We note that the uniqueness of the Young measure for the minimization of the energy 2.1 for the cubic to tetragonal transformation with respect to the set W 1;1 F ; R 3 3 is a consequence of the following theorem 20 . We h a ve b y the triangle inequality, the Cauchy-Schwarz inequality, Theorem 4. The most widely used conforming nite element methods based on continuous, piecewise polynomial spaces have i n terpolation operators I h satisfying 6.1 for quasiregular meshes, 6.2, and 6.3 see 9, 2 7 . In particular, 6.1 6.3 are valid for trilinear elements de ned on rectangular parallelepipeds as well as for linear elements de ned on tetrahedra.
The following theorem gives the existence of nite element energy-minimizers as well as the error estimate of the corresponding minimum energy. We t h us obtain from 6.5 and 6.6 the growth property that kyk W 1;2 ;R 3 CEy 1=2 + C; 8y 2 W 1;1 F ; R 3 : 6.7
The existence of an nite element energy minimizer y h 2 A h;F now follows by compactness from the continuity o f E restricted to the nite-dimensional a ne space A h;F and the growth property of the energy 6.7.
To nish the proof, we refer to 8, 21 for the construction of a nite element deformation z h 2 A h;F such that Ez h C h It follows directly from the above theorem and the bounds established in x3, x4, and x5 that we can obtain the following error estimates for a quasi-optimal nite element deformation y h 2 A h;F .
Corollary 6.2. If w 2 R 3 satis es wn = 0 ; then there exists a positive constant C such that Z j ry h x , F wj 2 dx C h 1 4 for any y h 2 A h;F which satis es the quasi-optimality condition 6.8. for any y h 2 A h;F which satis es the quasi-optimality condition 6.8.
